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ABSTRACT. We discuss integral structures in the space of solutions to quantum
cohomology differential equations (quantum D-modules) associated to quantum
cohomology. In mirror symmetry, the quantum D-module of a manifold $X$ becomes
isomorphic to the (semi-infinite) variation of Hodge structures (VHS for short) of
the mirror. The VHS of the mirror is equipped with an integral local system, so
a natural question is “what is the integral structure in the quantum D-module
corresponding to the mirror?” We study this problem in the case where $X$ is a
toric orbifold and see that the integral structure comming from the rnirror can be
described only in terms of the K-group $K(X)$ and a certain characteristic class







Calabi-Yau $X^{\vee}$ , $X$ Hodge
(A VHS) $X^{\vee}$ Hodge ( $B$ VHS)
. , $B$ VHS ,
Gauss-Manin $H^{n}(X^{\vee}, \mathbb{C})$ , $H^{n}(X^{\vee}, \mathbb{Z})$











$0$ Gromov-Witten , Gromov-Witten





Mumford stack coarse moduli space $X$ . $I\mathcal{X}$ $\mathcal{X}$
. $I\mathcal{X}$ $\mathcal{X}$ $x\in \mathcal{X}$ $g\in$ Aut $(x)$
$(x, g)$ . 9 stabilizer . $T$
, $I\mathcal{X}$ .
$I\mathcal{X}=uv\in T^{\mathcal{X}_{l},=\mathcal{X}_{0}}$ $v\in T’u\mathcal{X}_{v}$
, $T=T’u\{0\}$ , $\mathcal{X}_{0}$ $g=1$ $I\mathcal{X}$
, $\mathcal{X}_{0}\cong \mathcal{X}$ . $\mathcal{X}_{v}$ age $\iota_{v}$
. $H_{orb}^{*}(\mathcal{X})$
$H_{orb}^{p}(\mathcal{X})=\oplus H^{p-2\iota_{v}}(\mathcal{X}_{v})v\in T,p-2\iota_{v}\in 2Z$
. $p$ .
( $p-2\iota_{v}$ ). inv : $I\mathcal{X}arrow I\mathcal{X}$
$(x,g)$ $(x,g^{-1})$ . inv inv: $Tarrow T$








, $d\in H_{2}(X,\mathbb{Z})$ coarse moduli space $X$ 2 .
$Eff_{\mathcal{X}}\subset H_{2}(X, \mathbb{Z})$ $X$ effective curve
. Gromov-Witten ,
$d\in Eff_{\mathcal{X}}$ $0$ .
$(H_{orb}^{*}(\mathcal{X}),\circ_{\tau})$ .
$\circ_{\tau}$ $\tau\in H_{orb}^{*}(\mathcal{X})$ , $0$ Gromov-Witten
.
$nt\dot{t}me\epsilon$
$(\alpha 0_{\tau}\beta,$ $\gamma)_{orb}=\sum_{d\in Eff_{X}}\sum_{n\geq 0}\frac{1}{n!}\langle\alpha,$ $\beta,$ $\gamma,$ $\hat{\tau’,\ldots,\tau’}\rangle_{0,n+3,d^{e^{\langle\tau 0,2}’}}d\rangle$ .
, $\tau=\tau_{0_{\dagger}2}+\tau’$ $\tau_{0,2}\in H^{2}(\mathcal{X}_{0})$ $\tau$ $H^{2}(\mathcal{X}_{0})$ .
$\circ_{\tau}$
$\mathcal{T}’$ , $\tau_{0,2}$ Fourier
. , $\circ_{\tau}$
$U\subset H_{orb}^{*}(\mathcal{X})$ . $U$ $M>0$ $\epsilon>0$
. (large radius limit)
.
$\{\tau;\Re\langle\tau_{0,2}, d\rangle<-M, \forall d\in Eff_{X}\backslash \{0\}, \Vert\tau’\Vert<\epsilon\}$ .
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3.
$\{\phi_{i}\}_{i=1}^{N}$ $H_{orb}^{*}(\mathcal{X})$ , $t^{i}$ $H_{orb}^{*}(\mathcal{X})$
. $\tau=\sum_{i=1}^{N}t^{i}\phi_{i}$ $H_{orb}^{*}(\mathcal{X})$ . $\{\phi^{i}\}_{i=1}^{N}$
Poincar\’e $\{\phi_{i}\}_{i=1}^{N}$ . $($ $D$
$)$ $H_{orb}^{*}(\mathcal{X})\cross H_{orb}^{*}(\mathcal{X})arrow H_{orb}^{*}(\mathcal{X})$ $Z\in \mathbb{C}$
$\nabla$ .
(1) $\nabla_{i}=\frac{\partial}{\partial t^{i}}+\frac{1}{z}(\phi_{i^{O_{T}}})$ .
$s(\tau,$ $z)$ $\nabla_{i}s(\tau,$ $z)=0$






$\mu\in$ End $(H_{orb}^{*}(\mathcal{X}))$ Euler $E$
$\mu(\phi_{i})=(\frac{1}{2}\deg\phi_{i}-\frac{1}{2}\dim_{C}\mathcal{X})\phi_{i}$ ,
$E= \sum_{i=1}^{N}(1-\frac{\deg\phi_{i}}{2})t^{\dot{3}}\phi_{i}+c_{1}(\mathcal{X})$ ,
. $\hat{\nabla}s=0$ . 2
$\tau_{0,2}\in H^{2}(\mathcal{X},$ $\mathbb{C})$ $H_{orb}^{2}(\mathcal{X})$
$\tau_{0,2}\cdot\tau=pr^{*}(\tau_{0,2})\cup\tau$
. $pr:I\mathcal{X}arrow \mathcal{X}$ . (1)
gravitational descendant Gromov-Witten .
Proposition 3.1. End$(H_{orb}^{*}(\mathcal{X}))$ $L(\tau, z)$ .
$L(\tau,$ $z) \phi=e^{-\tau_{0,2/z}}\phi-(d,l)\neq(o,o)\sum_{d\in ER_{X}}\sum_{k=1}^{N}\frac{1}{l!}\langle\frac{e^{-\tau_{0,2/z}}\phi}{z+\psi_{1}},$ $\mathcal{T}^{/},$
$\ldots,$
$\mathcal{T}^{/},$ $\phi_{k}\rangle_{0,l+2,d}^{\mathcal{X}}\phi^{k}$ .
, $(z+\psi_{1})^{-1}$ $z^{-1}$ $\sum_{n>0}(-1)^{n}z^{-n-1}\psi_{1}^{n}$ 1.
$\nabla_{i}L(\tau,$ $z)\phi=0$ , $\nabla$ . , $L(\tau,$ $z)z^{-\mu}z^{\rho}\phi$
$\hat{\nabla}_{i}(L(\tau,$ $z)z^{-\mu}z^{\rho}\phi)=0_{f}\hat{\nabla}_{z\partial_{z}}(L(\tau,$ $z)z^{-\mu}z^{\rho}\phi)=0$ , $\hat{\nabla}$
. , $\rho:=c_{1}(T\mathcal{X})\in H^{2}(\mathcal{X})$ , $z^{-\mu}z^{\rho}=e^{-\mu\log z}e^{\rho\log z}$ .
1– $k_{1},$
$\ldots,$
$k_{r}$ $\alpha_{i}\in H_{orb}^{*}(\mathcal{X})$ $\langle\alpha_{1}\psi_{1}^{k},$ $\alpha_{2}\psi_{2}^{k_{2}},$
$\ldots,$
$\alpha_{r}\psi_{r}^{k,}\rangle_{0,r,d}^{X}$





$\hat{\nabla}s=0$ $S$ $(\cdot,$ $\cdot)_{S}$ .
$s_{1}(\tau,$ $z),$ $s_{2}(\tau,$ $z)$
$(s_{1},$ $s_{2})s:=(s_{1}(\tau,$ $e^{\pi i}z),$ $s_{2}(\tau,$ $z))_{orb}$
. , $s_{1}(\tau,$ $e^{\pi i}z)$ $s_{1}(\mathcal{T},$ $.\tilde{4})$ $[0,1]\ni\theta\mapsto e^{\pi i\theta_{Z}}$





$S$ $(N$ $\mathbb{C}$ $)$ $s_{z}\cong \mathbb{Z}^{N}$ ,
$(\cdot,$ $\cdot)s$ $S_{z’}\backslash$ $\mathbb{Z}$ , $($perfect $)$ $($ $s_{Z}\cong$
HOm$(S_{Z},$ $\mathbb{Z})$ $)$ .
$(\cdot,$ $)s:S_{\mathbb{Z}}\cross S_{\mathbb{Z}}arrow \mathbb{Z}$ .
,
. , $[$8$]$ ,
, ,
. $($ , . $)$
.
4.
$K(\mathcal{X})$ (orbifold vector bundle; orbibundle)
Grothendieck . $I\mathcal{X}$ $V$ $I\mathcal{X}$ , ,
$V|_{\mathcal{X}_{v}}$ $\mathcal{X}_{v}$ stabilizer .
$V|_{\mathcal{X}_{v}}=\oplus V_{v,f}0\leq f<1^{\cdot}$
, $\mathcal{X}_{l}$, stabilizer $V_{llf}$ $\exp(2\pi if)$ .
Chern ch: $K(\mathcal{X})arrow H^{*}(I\mathcal{X})$ .
ch(V)
$:= \bigoplus_{v\in T}\sum_{0\leq f<1}e^{2\pi if}$
ch$((pr^{*}V)_{v,f})$
pr $:I\mathcal{X}arrow \mathcal{X}$ . $\mathcal{X}$ $V$ , $\delta_{v,f,i}$ ,
$i=1,$ $\ldots,$ $l_{1^{J},f}$ $(pr^{*}V)_{v,f}$ Chern rOotS . Todd Td: $K(\mathcal{X})arrow H^{*}(I\mathcal{X})$
.
$\overline{Td}(V)=\oplus v\in T\prod_{0<f<1,1\leq i\leq l_{v,f}}\frac{1}{1-e^{-2\pi if}e^{-\delta_{v,f_{i}l}}}\prod_{f=0,1\leq i\leq l_{v,0}}\frac{\delta_{v,0_{7}i}}{1-e^{-\delta_{v,0,i}}}$ .
, $H^{i}(\mathcal{X},$ $V)$
, $\chi(V):=\sum_{i=1}^{n}(-1)^{i}\dim H^{i}(\mathcal{X},$ $V)$ -
Riemann$-Roch$ $[$9 $]$ .
(3) $\chi(V)=/I\mathcal{X}^{\tilde{ch}(V)\cup Td(T\mathcal{X})}$ .
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$\delta_{v,f^{i}}$, . Gamma 1 $-f>0$
Taylor . $\hat{\Gamma}_{\mathcal{X}}:=\hat{\Gamma}(T\mathcal{X})$ .
, .
(Al) ch: $K(\mathcal{X})arrow H^{*}(I\mathcal{X})$ $\mathbb{C}$ .
(A2) -Riemann-Roch (3) $V$
. ( ) $V$
$\chi(V)$ (3) .
(A3) $K(\mathcal{X})$ $(V_{1}, V_{2})\mapsto\chi(V_{1}\otimes V_{2})$ $K(\mathcal{X})arrow Hom(K(\mathcal{X}), \mathbb{Z})$
.
. $M/G(M$
, $G$ Lie $G$ $M$
$)$ , (Al) ? Adem-Ruan $[2|,$ $(A2)$
$[$ 10$]$ .
Definition 4.1. Deligne-Mumford StaCk $\mathcal{X}$ $($Al $)$ , $($A2$)$ , $($A3$)$
. $K$ $s$ $\Psi$ .
$\Psi:K(\mathcal{X})arrow s$
$[V]\mapsto L(\tau,$ $z)z^{-\mu}z^{\rho}( \frac{1}{(2\pi)^{n/2}}\hat{\Gamma}_{\mathcal{X}}(2\pi i)^{\deg/2}$ inv$*\tilde{ch}(V))$ .
, $L(\tau,$ $z)z^{-\mu}z^{\rho}$ Proposition3.1 $\hat{\nabla}$ , $(2\pi i)^{\deg/2}$
$H^{2p}(I\mathcal{X})$ $(2\pi i)^{p}$ End$(H^{*}(I\mathcal{X}))$ . $($Al $)$
$\Psi(K(\mathcal{X}))\otimes_{Z}\mathbb{C}=s$ $S_{Z}$ $s$ . $\Psi$
$(\Psi(V_{1}), \Psi(V_{2}))_{S}=\chi(V_{1}\otimes V_{2}^{\vee})$
, $(\cdot,$ $\cdot)s$ .
$($A2$)$ , $($A3 $)$ $(\cdot,$ $\cdot)_{S}$ $s_{z}$ $\mathbb{Z}$ .
$s_{z}$ $\Gamma$- .
$\Psi$ -Riemmann-Roch
$\Gamma(1-z)\Gamma(1+z)=\pi z/\sin(\pi z)$ . $\hat{\Gamma}$ Todd







$\bullet$ $r$ $\mathbb{F}\cong(\mathbb{C}^{*})^{r}$ . $\mathbb{L};=Hom(\mathbb{C}^{*},$ $T)$ .
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$\bullet$ $m$ $($ $)$ $\overline{\pi}D_{1},$ $\ldots$ , $D_{m}\in \mathbb{L}^{\vee}=H_{0}m(\prime \mathbb{F},$ $\mathbb{C}^{*})$ $\mathbb{L}^{\vee}\otimes \mathbb{R}=$
$\sum_{-}^{\Pi l}i=1\mathbb{R}D_{i}$ .
$\bullet$ $\eta\in \mathbb{L}^{\vee}\otimes \mathbb{R}$ .
$D_{1},$
$\ldots,$
$D_{m}$ $\prime \mathbb{F}arrow(\mathbb{C}^{*})^{m}$ . $T$ $\mathbb{C}^{m}$
.
$\mathcal{A};=\{I\subset\{1, \ldots, m\}|\sum_{i\in I}\mathbb{R}_{>0}D_{i}\ni\eta\}$ .
, $\mathcal{X}$ .




$z_{m})$ ; $\tilde{i}=0$ for $i\not\in I\}$ . $\mathcal{X}$
$($ StaCk $)$ .
.
(A) $\{$ 1, $\ldots,$ $m\}\in \mathcal{A}$ .
$( B)\sum_{i\in I}\mathbb{R}D_{i}=\mathbb{L}^{\vee}\otimes \mathbb{R}$ for $I\in \mathcal{A}$ .
(C) $\{(c_{1}, . , . , c_{m})\in \mathbb{R}_{\geq 0}^{m};\sum_{i=1^{C_{i}}}^{m}D_{i}=0\}=\{0\}$ .
$($A$)$ , $($ B $)$ , $($C $)$ $\mathcal{X}$ , , $\mathcal{X}$




(4) $0arrow \mathbb{L}arrow^{(D_{1},^{\ldots}.,D_{m})}\mathbb{Z}^{m}arrow^{\beta}Narrow 0$,
$N$ 2 $(D_{1}, \ldots, D_{m})$
o $f_{i},$ $\ldots,$ $f_{m}$ $\mathbb{Z}^{m}$ , $b_{i}$ $f_{i}$ $N$ $\beta(f_{i})$ .
, $1\leq i\leq m’$ $\{$ 1, $\ldots,$ $m\}\backslash \{i\}\in \mathcal{A}$ ,
$m’<i\leq m$ $\{$ 1, $\ldots,$ $m\}\backslash \{i\}\not\in \mathcal{A}$ . Borisov-Chen-Smith
$\mathcal{X}$ stacky fan .
$\bullet$ $N$ $\triangleright$ bl, . .., $b_{m’}$ .
$\bullet$ $\{\mathbb{R}_{\geq 0}b_{1}, \ldots, \mathbb{R}_{\geq 0}b_{m’}\}$ $N\otimes \mathbb{R}$
$\Sigma$ . $\sigma_{I}=\sum_{i\not\in I}\mathbb{R}_{\geq 0}b_{i}$ $\Sigma$ $I\in \mathcal{A}$ .
Borisov-Chen-Smith [3] Deligne-Mumford stack stacky fan
. , coarse moduli space
Deligne-Mumford stack .
$\mathbb{L}^{\vee}=Hom(T, \mathbb{C}^{*})$ $\xi$ $\mathcal{X}$ $L_{\xi}$ .
$L_{\xi}=\mathcal{U}_{\eta}x\mathbb{C}/(z, a)\sim(t\cdot z, \xi(t)a),$ $t\in T$ .
$\xi\mapsto L_{\xi}$ $\mathbb{L}^{\vee}arrow$ Pic $(\mathcal{X})\cong H^{2}(\mathcal{X},$ $\mathbb{Z})$ .
$\sum_{i>m’}\mathbb{Z}D_{i}$ . $D_{i}\in \mathbb{L}^{\vee}$ $H^{2}(\mathcal{X},$ $\mathbb{C})$ $\overline{D}_{i}$
. , $\mathbb{L}^{\vee}$ $p1,$ $\ldots,$ $p_{r}$ $p_{r’+1},$ $\ldots$ , $p_{r}$ $\sum_{i>m’}\mathbb{R}D_{i}\cap \mathbb{L}^{\vee}$
. $(m_{ia})$ $\overline{D}_{i}=\sum_{a=1}^{r’}m_{ia}\overline{p}_{a}$ ,
$1\leq i\leq m^{/}$ . $\overline{p}_{a}\in H^{2}(\mathcal{X},$ $\mathbb{C})$ $p_{a}\in \mathbb{L}^{\vee}$ .
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$\mathbb{L}\otimes \mathbb{Q}$ $\mathbb{K},$ $\mathbb{K}_{eff}$ .
$\mathbb{K}=\{d\in \mathbb{L}\otimes \mathbb{Q};\{i\in\{1, \ldots, m\};\langle D_{i)}d\rangle\in \mathbb{Z}\}\in \mathcal{A}\}$ ,
$\mathbb{K}_{eff}=\{d\in \mathbb{L}\otimes \mathbb{Q};\{i\in\{1, \ldots, m\};\langle D_{i}, d\rangle\in \mathbb{Z}_{\geq 0}\}\in \mathcal{A}\}$ .
$\mathbb{K}$ $\mathbb{K}_{eff}$ , $\mathbb{K}$ $\mathbb{L}$ . Box
.
Box
$= \{v\in N ; v=\sum_{k\not\in I}c_{k}b_{k} in N\otimes \mathbb{Q}, c_{k}\in[0,1), I\in \mathcal{A}\}$
.
$d\in \mathbb{K}$ Box $v(d)$ .
$v(d):= \sum_{i^{-}--1}^{m}\lceil\langle D_{i},$ $d\rangle\rceil b_{i}\in N$ .
$d\mapsto v(d)$ $\mathbb{K}arrow \mathbb{K}/\mathbb{L}$ , $\mathbb{K}/\mathbb{L}$ BOX
. $v(d)\in$ Box $I\mathcal{X}$ $\mathcal{X}_{v(d)}$ .
$\mathcal{X}_{\iota(d)}=\{[z_{1}, \ldots, z_{m}]\in \mathcal{X};z_{i}=0 if \langle D_{i}, d\rangle\not\in \mathbb{Z}\}$
$\mathcal{X}_{v(d)}$ stabilizer e$\psi$(-2$\pi$V $d$) $\in \mathbb{L}\otimes \mathbb{C}^{*}\cong T$ .
$\mathcal{X}_{\tau’(d)}$ $d$ , Box $v(d)$ . $\mathcal{X}_{\iota(d)}$ age
$\iota_{v(d)}:=age(\mathcal{X}_{v(d)})=\sum_{i=1}^{m}\{-\langle D_{i}, d\rangle\}=\sum_{i=1}^{m’}\{-\langle D_{i}, d\rangle\}$ .
,
$I\mathcal{X}=u\mathcal{X}_{v\rangle}v\in Box$ $H_{orb}^{i}( \mathcal{X})=\bigoplus_{v\in B_{oX}}H^{i+2\iota_{v}}(\mathcal{X}_{\iota},)$




(5) $1arrow Hom(N, \mathbb{C}^{*})arrow Y:=(\mathbb{C}^{*})^{m}\underline{pr}arrow \mathcal{M}:=Hom(\mathbb{L}, \mathbb{C}^{*})arrow 1$
. Landau-Ginzburg
3 Pr $:Yarrow \mathcal{M}$
$W:Yarrow \mathbb{C}$ .
$W=w_{1}+\cdots+w_{m}$ , $(w_{1}, \ldots, w_{m})\in(\mathbb{C}^{*})^{m}=Y$.
$W$ $pr$ Laurent . $\mathbb{L}^{\vee}$




$pr$ $Y_{q}=pr^{-1}(q)$ , $W_{q}=W|_{Y_{q}}$ . $Y_{q}$ $|N_{tor}|$
, $Hom(N_{free}, \mathbb{C}^{*})\cong(\mathbb{C}^{*})^{n}$ . $n=\dim_{\mathbb{C}}\mathcal{X}$ .
(5) , $pr$ $(q_{1}, \ldots, q_{r})\mapsto(q^{\ell_{1}}, \ldots, l^{m})$
. $l i=\prod_{a=1}^{r}q^{\ell_{a}}$. , $\ell_{ia}$ .
$N_{free}$ $e_{1},$ $\ldots,$ $e_{n}$ , $y1,$ $\ldots,$ $y_{n}$ $Hom(N_{kee}, \mathbb{C}^{*})$
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. $Y_{q}$ . p $N_{free}$
$b_{i}= \sum_{j1}^{n}=b_{ij}e_{j}$ . $W_{q}$ .
(6) $- W_{q}=W|_{Y_{q}}=q^{\ell_{1}}y^{b_{1}}+\cdots+q^{\ell_{m}}y^{b_{m_{7}}}$ $q^{\ell_{\mathfrak{i}}}= \prod_{a=1}^{r}q_{a}^{p_{ia}}$ , $y^{b_{1}}= \prod_{j=1}^{n}y_{j}^{b_{ij}}$ .
$q^{\ell_{i}}$
$Y_{q}$ .
Zariski $\mathcal{M}^{o}\subset \mathcal{M}$ , Landau-Ginzburg
$\mathcal{M}^{o}\cross \mathbb{C}^{*}$ .
Definition 6.1. $\hat{S}$ $b_{1},$ $\ldots,$ $b_{m}\in N\otimes \mathbb{R}$ . Lau-
rent $W_{q}(y)(6)$ $\hat{S}$ 1
$\Delta$ $W_{q,\Delta}(y):= \sum_{b_{i}\in\Delta}l|y^{b}$. $y\in(\mathbb{C}^{*})^{n}$ .
$W_{q}$ $q$
$\mathcal{M}$ $\mathcal{M}^{o}$ .
$(q, z)\in \mathcal{M}^{o}x\mathbb{C}^{*}$ .
$R_{\mathbb{Z},(q,z)}^{\vee}:=H_{n}(Y_{q}, \{y\in Y_{q}, ;\Re(W_{q}(y)/z)<M\};\mathbb{Z})$ , $M\ll O$
$M$ . $q$ $y\mapsto\Re(W_{q}(y)/z)$
$Y_{q}$ Morse , $n$ . Kouchnirenko
[11] , $N$ $\hat{S}$ $n!|N_{tor}|$ .









Palais-Smale . $q\not\in \mathcal{M}^{o}$
, $Y_{q}$ .
.
$R_{Z,(q,-z)}^{\vee}\cross R_{Z,(q_{\tilde{k}})}^{\vee}arrow \mathbb{Z}$ .
$R_{Z,(q,z)}=Hom(R_{Z,(q,z)}^{\vee}, \mathbb{Z})$ , $R_{\mathbb{Z}}$ $R_{Z}^{\vee}$ .
$R_{Z,(q,-z)}\cross R_{\mathbb{Z},(q,z)}arrow \mathbb{Z}$ . $R_{Z}$ $\mathcal{M}^{o}\cross \mathbb{C}^{*}$
$\mathcal{R}$
$\hat{\nabla}$ .
$\mathcal{R}=R_{Z}\otimes \mathcal{O}_{W^{\circ_{X^{(}}}C^{*}}$ , $\hat{\nabla}=$ $R$ $\mathcal{R}$ .
$\mathcal{O}_{\mathcal{M}x}\circ|c*$ . $\mathcal{R}$ $\zeta$ .
(7) $\zeta:R_{Z,(q,z)}^{\vee}\ni\Gamma\mapsto\frac{1.1}{(-2\pi_{\tilde{4\}}})^{n/2}|N_{tor}|}\int_{\Gamma}e^{W_{q}(y)/z}\frac{dy1^{\wedge\cdot.\cdot..\wedge dy_{n}}}{y1y_{n}}\in \mathcal{O}_{\mathcal{M}^{o}x\mathbb{C}^{*}}$ .
Proposition 6.2. $\mathcal{M}^{o}x\mathbb{C}^{*}$ $\mathcal{R}$ $\mathcal{M}^{o}x\mathbb{C}$ $\mathcal{R}^{(0)}$
, (7) $\zeta$ $\mathcal{R}^{(0)}$ . $\mathcal{R}^{(0)}$ $\hat{\nabla}$ $\mathcal{M}^{O}x\{0\}$
2 2. $R_{\mathbb{Z}}$ $\mathcal{M}x\mathbb{C}$
$2_{Poincare}$ rank 1 . $(A_{2}z^{-2}+$
$A_{1}z^{-1})d\approx$ .
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$(-)^{*}\mathcal{R}^{(0)}\otimes 0_{\mathcal{M}}$
XC
$\mathcal{R}^{(0)}arrow 0_{\mathcal{M}^{\circ}x\mathbb{C}}$ . $(-):\mathcal{M}^{o}x\mathbb{C}arrow \mathcal{M}^{o}x\mathbb{C}$
$(q, z)$ $(q, -z)$ .
$\mathcal{R}$ $\mathcal{M}$ $x\mathbb{C}$ $\mathcal{R}^{(0)}$ Landau-Ginzburg Hodge
.




$I$ $H_{orb}^{*}(\mathcal{X})$ $\mathcal{M}^{o}$ .
$I(q, z)=e^{\Sigma_{a=1}^{r}\overline{p}_{a}\log q_{a}/z} \sum_{d\in K_{eff}}q^{d^{\prod_{\prod},\prod_{\prod_{0\leq\nu<\langle D_{*},d)}}}}ii;;\langle\langle D_{i}D_{i},dd\rangle\rangle<>00\langle D_{i},d\rangle\leq\nu<0\{\overline{\frac{D}{D}}ii$ I $((\{D_{i},d\rangle-\nu)z)_{1_{v(d)}}D_{i},d\rangle-\nu)z)$
, $d\in \mathbb{L}\otimes \mathbb{Q}$ $q^{d}=q_{1}^{(p_{1},d)}\ldots q_{r}^{(p_{r},d\rangle}$ , $\nu$ . ,
$(q_{1}, \ldots, q_{r})$ $\mathcal{M}$ .
.
(D) $\hat{\rho}:=D_{1}+\cdots+D_{m}\in \mathbb{L}^{\vee}$ $I\in \mathcal{A}$ $\hat{\rho}\in\sum_{i\in I}\mathbb{R}_{\geq 0}$D .
Proposition 7.1. (D) $I$ $q$ ,
.
$I(q, z)=1+ \frac{\tau(q)}{z}+O(z^{-2})$ .
, $\tau(q)$ $\mathcal{M}^{o}$ $U’$ $H_{orb}^{\leq 2}(\mathcal{X})$ .
$H_{orb}^{*}(\mathcal{X})\otimes O_{UxC}$ .
$\hat{\nabla}(2)$ . , $U$ $H_{orb}^{*}(\mathcal{X})$
. ( ) $Ux\mathbb{C}$ $z=0$ 2
$\hat{\nabla}$ .
.
Conjecture 7.2. $\mathcal{X}$ (D)
. $(H_{orb}^{*}(\mathcal{X})\otimes \mathcal{O}_{Ux\mathbb{C}},\hat{\nabla})$ $\mathcal{X}$ , $(\mathcal{R}^{(0)},\hat{\nabla})$
$\mathcal{X}$ Landau-Ginzburg $\mathcal{M}^{o}\cross \mathbb{C}$ .
$I$ $z$ $z^{-1}$ $\tau:\mathcal{M}^{o}\supset U’arrow H_{orb}^{\leq 2}(\mathcal{X})$ .
$\tau(U’)\subset U$ . Mir .
Mir: $(\mathcal{R}^{(0)},\hat{\nabla})|_{U’xC}\cong\tau^{*}(H_{orb}^{*}(\mathcal{X})\otimes \mathcal{O}_{UxC},\hat{\nabla})$
Mir $\mathcal{R}^{(0)}$ $\zeta$ $H_{orb}^{*}(\mathcal{X})\otimes \mathcal{O}_{UxC}$ 1 , Mir
$\mathcal{M}^{o}x\mathbb{C}^{*}$ Mir: $R_{Z}\otimes \mathbb{C}arrow S$ . ,
Proposition 3.1 $L(\tau, z)$
$I(q, z)=L(\tau(q), z)^{-1}(1)=L(\tau(q), z)^{-1}(Mir(\zeta))$
.
$\tau$ , $D$ $(H_{orb}^{*}(\mathcal{X})\otimes \mathcal{O}_{UxC},\hat{\nabla})$
$\tau$ # well-defined .
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Theorem 7.3. Conjecture72 . $\mathcal{X}$ (D)
, $\mathcal{X}$ 4 (A3) .
Mir: $R_{\mathbb{Z}}\otimes \mathbb{C}\cong S$ $S$ Mir $(R_{Z})$ Definihon4. 1
$\Gamma$
$S_{\mathbb{Z}}$ .
$\ovalbox{\tt\small REJECT}hI$ . $\mathcal{M}$
$\mathcal{M}_{\mathbb{R}}:=Hom(\mathbb{L}, \mathbb{R}_{>0})$ . $q\in \mathcal{M}_{\mathbb{R}}$ $Y_{q}$
$\Gamma_{\mathbb{R}}:=Hom(N,\mathbb{R}_{>0})$ , $z<0$ $[\Gamma_{R}]\in R_{Z,(q,z)}^{\vee}$
. $q\in \mathcal{M}_{N}$ $z<0$ .
$\zeta(\Gamma_{\mathbb{R}})=/I\mathcal{X}H(q, z)\cup$Td$(T\mathcal{X})$ , $H(q, z):=(2\pi)^{n/2}$ inv$*(2\pi i)^{-\frac{de}{2}z}\hat{\Gamma}_{\mathcal{X}}^{-1}(z^{-\rho}z^{\mu}I(q, z))$ .
$\zeta(\Gamma_{\mathbb{R}})$ (7) . $H(q, z)$ $\mathcal{O}_{\mathcal{X}}$
, $Y$
Lagrangian $\Gamma_{\mathbb{N}}$ $\mathcal{O}_{\mathcal{X}}$ . $\Gamma_{\mathbb{R}}$ $Y_{q}$ $Lagrangiianq$
torus fibration $|\cdot|:Y_{q}arrow Hom(N, \mathbb{R}_{>0})$ ( ) Lagrangian
section , Strominger-Yau-Zaslow .
$K$ [7] Borisov-Horja[4]
. , [7] $\mathbb{P}^{4}$ 5
r- .
, Borisov-Horja Calabi-Yau $K$
GKZ , $K$ Fourier-Mukai
GKZ .
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